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3.6.2: Inside the cavity, Maxwell’s equations for electromagnetic fields are

∇ · ~B = 0, ∇× ~B = µǫ
∂ ~E

∂t
, ∇ · ~E = 0, ∇× ~E = −

∂ ~B

∂t
,

where ǫ and µ are dielectric permittivity and permeability of the medium. The EM waves

in the cavity can conveniently be classified into transverse magnetic (TM) mode, for which

the longitudinal magnetic field is zero, and transverse electric (TE) mode, for which the

longitudinal electric field is zero. The TM modes are of interest for beam acceleration in

the rf cavity. Assuming a time dependence factor ejωt for electric and magnetic fields, the

TM modes in cylindrical coordinates (r, φ, s) are
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

Es = Ak2
r Jm(krr) cosmφ cos kss

Er = −Akskr J
′

m(krr) cosmφ sin kss

Eφ = A (mks/r)Jm(krr) sinmφ sin kss

Bs = 0

Br = −jA (mk/cr) Jm(krr) sinmφ cos kss

Bφ = −jA (kkr/c) J
′

m(krr) cosmφ cos kss

where A is a constant, s = 0 and ℓ correspond to the beginning and end of the pillbox

cavity, m is the azimuthal mode number, ks, kr are wave numbers in the longitudinal and

radial modes, and k = ω/c =
√

k2
s + k2

r .

The longitudinal wave number ks is determined by the boundary condition that Er = 0

and Eφ = 0 at s = 0 and ℓ, i.e.

ks =
pπ

ℓ
, p = 0, 1, 2, · · · .

Similarly the radial wave number is determined by the boundary condition with Es = 0

and Eφ = 0 at r = b, i.e.

kr,mn =
jmn

b
,

where jmn, listed in Table 3.6, are zeros of Bessel functions Jm(jmn) = 0.

3.8.3: In an Alvarez linac, the longitudinal equations of motion can be expressed as

mapping equations:

∆ψn+1 = ∆ψn −
Lcellω

mc3β3γ3
∆En,

∆En+1 = ∆En + eV cosψs ∆ψn+1,

where ψn,∆En are the synchrotron phase-space coordinates at the nth cell, Lcell is the

length of the drift tube cell, and eV is the energy gain in this cell. The transfer matrix is

M =

(

1 −A

eV cosφs 1 − eV A cosφs

)

,
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where A = ωLcell/mc
3β3γ3. Using the Courant-Snyder representation, we obtain

cos Φsyn = 1 −
1

2
eV A cosφs, or sin2 Φsyn

2
=
πλeEav cosφs

2βγ2E
,

where the cell length of Alvarez Linac is Lcell = βλ, the frequency is ω = 2πf = 2πc/λ, and

the average acceleration field is Eav = V/Lcell. In the small phase advance approximation,

the synchrotron tune per period is

νsyn =
Φsyn

2π
=

√

e(βλEav) cosφs

2πβ2γ2E
.

This is the synchrotron tune formula of synchrotrons with h = 1, η = −1/γ2, and V =

βλEav.


