The Standard Model: Lepton sector

based on S-88
as far as we know there are three generations of leptons:

name symbol mass (@

(MeV)
electron e 0.511 -1
electron neutrino Ve 0 0
muon L4 105.7 -1
muon neutrino Vy 0 0
tau T 1777 —1
tau neutrino U, 0 0

and they are described by introducing left-handed Weyl fields:
SU(2) x U(1)
1
4 (2v _5)
3 (1,+1)

Y

/

just a name




the covariant derivatives are: ¢ (2, —%)

(Duf)z — (‘hfz — ’Z:ngZ(Ta)ijfj — igl(— )Bﬂfz

D | =

e (1,+1)
D,e = o,e—igi(+1)B,e ’

and the kinetic term is the usual one for Weyl fields:

Lyin = i1'3"(D,L); +i€'a"D, e

there is no gauge group singlet contained in any of the products:
(2, _%) %Y (27 _%)
(2,—3) ® (1,+1)
(1,+1) ® (1,+1)
it is not possible to write any mass term!




Lagrangians for spinor fields
based on S-36

we want to find a suitable lagrangian for left- and right-handed spinor fields.
it should be:
<$> Lorentz invariant and hermitian

¢ quadratic in ¥Pg and ’t/)l

equations of motion will be linear with plane wave solutions
(suitable for describing free particles)

terms with no derivative:
WP — "/}awa — eabwb,‘pa Fhe

terms with derivatives:

O

would lead to a hamiltonian unbounded from below




to get a bounded hamiltonian the kinetic term has to contain both Ve
and %¥; ,a candidate is:

VIO,

is hermitian up to a total divergence

(iptara,)t = (] 5448 p.)!

= 0,9} (6")* s
/ - _Zau"pl 6uéa¢a
FHia — (I, —F) — Q] 5D, 1h, — 10, (Y] THNPg).
are hermitian _ i’tpT&“au’gb _ z'a#(’l,bT&”"l,b) .

~

does not contribute to the action




Our complete lagrangian is:

— Tt 1 L *ahtapT
L =1iY'd" 0, — smipp — sm Y'Y
the phase of m can be absorbed into the definition of fields
m — lmlez’a Y = e—ia/2 ,‘Z

and so without loss of generality we can take m to be real and positive.

Equation of motion:

0= —(% = —ighO 1 + ma!

Taking hermitian conjugate: uY v

540 _ (1) 0 = +i(5"%)* 8,0 + map°

are hermitian ———1 — +'ia'“éa3#11)z + ma®
FHaa — ~ab ab = _iagé 3#¢té + m"pa .

680b6




however we can write a Yukawa term of the form:

[’Yuk = —yEZJQOzKJé -+ h.c.

/ N\

(2,-3)®(2,—3) ® (1,+1) = (1,0) & (3,0)

there are no other terms that have mass dimension four or less!
in the unitary gauge we have:

(m)_L(U_I_H(m))
TR 0

and the Yukawa term becomes:

Lyvuk = —%y(v + H)(42€ + h.c.)




Lyuk = —%y(v + H)(42€ + h.c.)

it is convenient to label the components of the lepton doublet as:

= (0

Ly = —75y(v + H)(eg +e'el)

then we have:

(A
we define a Dirac field for the electron & = ( ; )
e

and we see that the electron has acquired a mass:
yv

V2

and the neutrino remained massless!

me




consider a theory of two left-handed spinor fields:

L = iple 0,0 — Fmip; — dmiply]

i=1,2
the lagrangian is invariant under the SO(2) transformation:

(1 cosa sina\ [
(1/)2) - (—Sina 00801) (¢2)
it can be written in the form that is manifestly U(1) symmetric:
X = J5(¥1 +ivy)
§ = J5(¥r —ivh)

L= iXTa'”auX + 11576“6“5 — mx€ —m&x

X —e "X

£ — e




L= ixfc‘f"aux + 115*6“’8”5 — mx€ —mé'x!

Equations of motion for this theory:
—jgHac Oy mo?; ghe N

we can define a four-component : v

(¢

we want to write the lagrangian in terms of the Dirac field:

U= (x], &%) ( 0 6%)

b= 6, O
Let’s define: N
—n icall
U =08 = (£ x) R

but different spinor index structure




Then we find: U =08 = (£ x})

T = %, + x. £l ¥ = (;")

TyH9, U = %%, 9,67 + x! 5499, x,

. 0 o,
ABB = —(6A)B -+ 3(A‘B)/ "= (5.udc 0 )

faagé auffé = —(8,@“)05& ﬁTé + 3#(5“‘75@ fTé)

\

—(0,E%) 0, €16 = +£Te0*, 8,6% = +€] 50,8,

FHaa — Eabsabal{

Thus we have: b

Ty 0, U = X510, x + 1670, + 0, (EoreT)




Thus the lagrangian can be written as: L = ix1548,x + i€' 48,6 — mx€ — metx!

L =19v"0,¥ —mUW¥
The U(l) symmetry is obvious:

U — e @y

U — et@yg

The Nether current associated with this symmetry is: dL(x)

@)= 50,04@)
P = ﬁ,yu\p — XTf_T“X _ g’raug

later we will see that this is the electromagnetic current

6pa(T)




If we want to go back from 4-component Dirac or Majorana fields to the
two-component Weyl fields, it is useful to define a projection matrix:

B —0,° 0
’Ys\z( 0 +5dé)

just a name

We can define left and right projection matrices:

0.,¢ 0
P %(1_’75)'—— ( )

0 O
h, 0 O
Pr = §(1+’75)=(0 6%)
And for a Dirac field we find: e U= (Xc
PV = ( 0 ) gt

0
Pl = |




We can describe the neutrino with a Majorana field:

()

and it is also convenient to define:
14
N = PLNz 0

because then the kinetic term:

a “Dirac field” for the neutrino

P, = %(1_'75)

i a0,

can be written as:

iNLONL




Now we have to figure out lepton-lepton-gauge boson interaction terms:
(we want to write covariant derivatives in terms of W, Z, and A,)
(Dub)i = Bubi — ig2 A5 (T*)i? £ — igr (—3) By WE = 1 (AL FiA?

Z, = chz swBy,
we have 0o Wt Ay = swhAb +cwBy
11 2 2 92 K

PAT + g AT = ==
s K v2\w; o

and

ngzT?’ +¢1B,Y %(SWAM + CWZM)T3 + %(CWAM —swZ,)Y
= e(A, +cotbwZ,)T° +e(A, —tanby Z,)Y
= e(T® +Y)A, + e(cot 0w T° — tan 0, Y) Z,

/we identify it with electric charge: Q=T3+Y
= eQA, + e[(cot By + tan i) T° — tan 0y Q] Z,

= eQA, + 5 (T° - 52,Q)Z, .

SwCw




since we have:

e (1,+1)
T3y = -l-%l/, TBe:—%e, T3e=0, =(">
Yuz—%u, Yez—%e, Ye=+e, ’
the electric charge assicnments are as expected:

(AST® + 1BLY)E = |—edy+ 5.5 (~1P +5%) 2] €

SwCw

(92 A5T° + 1 BLY )N, = 5-5-(+3)Zu Ny - €= (e>




Putting pieces together, £= (

Lyin = i€1'*(D,L); + i&'a"D & No= P A (u)
. a(may.j . 1 L=7"L o
(DME)Z' = Bufi — Zng“(T )ijfj — Zgl(_i)Buei 0

Dy.é = 8ué — 101 (+1)Bp,é 11 22 _ 92 0 le
AT+ goAZT® = ==
Z BT T V2\w; o
! =
( 6) (924,T° + uBLY)E = [_eAu + swaw (2Pt ng)Z#]g
(92A2T3 +91BuY)NL = swecw (+%)Z;LNL .

we find the interaction lagrangian:

Lint = Jsg2Wi T ™ + J=goWi T + 5 EZ, T + eAuJEy

SwCw

where B
J+” = gL’)’MNL y

JF = NyHEL

Ji = J8 — 2 Tk,

JE = INLYPNL — SEHEL,
JEy = —EVHE .




The connection with Fermi theory:

if we want to calculate some scattering amplitude (or a decay rate) of leptons with
momenta well below masses of W and Z, the propagators effectively become:

gMV/M\?V,Z

Lint = Js02W, T + JogaWi T + - E 7,07 + eAuJh

SwCw
- Lonsss = ~MEW W, — AM2ZV2,
and we get 4-fermion-interaction terms:
2

2
_ 92 gtug- €
Lot = oz h T 952 2 2

e2

= 552 12 (JHI, + J5 J) e = go sin by
womw MW = MZ COS ow
= 2V2Gy(J T, + T4 Ty,) .

J7 2y

where the Fermi constant is:

e2

T 42 sin%fw M2,

GF




Generalization to three lepton generations:

Lyin = if?&”’(D#)ijEjI + ’l:éla'”'DuéI

I =123
the most general Yukawa term:
— ] >
Ly = —€ J‘PiejIyIJeJ + h.c.
a complex 3x3 matrix;
by — {/IJEJ it can be diagonalized (with positive
e; — Eije; or zero entries on the diagonal)

. by a bi-unitary transformation
currents remain diagonal,

just add the generatio

L'yE
JTH = ELAPNL i .
LY Ny fermion masses are then given by:
JH = NL'YMSL )
J = J§‘—83VJ§M, meI — yI,U/‘\/§

Jé‘ = % LYHNL — %EL')’#SL )
JE, = —ENHE . diagonal entries




We can calculate e.g. muon decay: P

L — € Vely

the relevant part of the charged current:

JTH = EL'YNNeL + ML’YMNmL
J# = NeL’Y”gL + NmL’YMML

we get the effective lagrangian:
Eeﬂ' = 2\/5 GF (EL’Y“NEBL) (NmL’Yp, ML)

and the rest is straightforward...




